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Duan).Based on the analogy between bifurcation of equilibrium paths in structures and kinematic bifurcation of
mechanisms, this paper proposes an analogous stiffness method to detect the singularity and kinematic
bifurcation of mechanisms. The analogous stiffness in mechanisms is ﬁrst deﬁned as the derivative of the
state variable with respect to the controlling variable. By investigating the value of analogous stiffness,
the singularity can be classiﬁed into output singularity, input singularity and architectural singularity.
And the kinematic characteristics of free joints at corresponding singularity conﬁgurations are
expounded. The singular and kinematic bifurcation points of mechanisms can then be determined by
solving analogous stiffness equations and compatibility equations simultaneously. Following that, the
analytical criterion for ﬁnite motion of corresponding free joints at singularity conﬁgurations is derived
from the second-order analysis of compatibility equations. The efﬁciency of the proposed method is
ﬁnally illustrated by three typical examples.
 2012 Elsevier Ltd. All rights reserved.1. Introduction into input singularity, output singularity and architectural singular-With the development of structures, some new structural sys-
tems have appeared, such as panta domes, cable domes, deploy-
able structures and so on. Different from traditional structures,
these new systems often include mechanisms to allow for variabil-
ity at initial conﬁgurations and there are geometry displacements
in the process of constructions. Research on mechanism motion
has been a hot topic in recent years. It is found that the mechanism
motion will be ill-conditioned and out of control due to the exis-
tence of singular and kinematic bifurcation points. It may even
transfer to an undesirable motion path. In addition, the conﬂict be-
tween the controlling and actual motion induces large additional
forces imposed on structures that may make the structures lose
stability and result in serious consequence. Therefore, the singular-
ity and kinematic bifurcation analysis of mechanisms is one of the
most important analyses in the design of mechanisms.
Many researches have been done on the determination of singu-
larity loci about mechanisms and manipulators. In the ﬁeld of
mechanics, based on the input and output equations of velocity,
Gosselin and Angeles (Gosselin, 1988; Gosselin and Angeles, 1990)
utilized the rank decrease of the input or output Jacobian matrix
as the analytical criterion for singularity of manipulators and
closed-loopmechanisms, denoted as Jacobianmatrixmethod in this
paper. The corresponding singularity conﬁgurations were classiﬁedll rights reserved.
fax: +86 571 88208750.
), ceyfduan@zju.edu.cn (Y.-F.ity. Monsarrat and Gosselin (2001) employed Grassmann line
geometry to study the singularity of a 6-DOF parallel platform
mechanism. Later, Wolf et al. (2004) applied the line geometry
and linear complex approximation in the singularity analysis of
the 3-DOF CaPaMan manipulator. Bandyopadhyay and Ghosal
(2004), Altuzarra et al. (2008) and Macho et al. (2008) studied Jaco-
bian matrix method (Gosselin and Angeles, 1990) and presented
comprehensive formulation to make further research on kinematic
characteristics at singularity conﬁgurations of parallel mechanisms.
In addition, Bandyopadhyay and Ghosal (2004) presented the nec-
essary condition for ﬁnite self-motion andﬁnite dwelling of the pas-
sive links at singularity conﬁgurations by analyzing second-order
properties of constraint equations. Later, Macho et al. (2009) intro-
duced a general symmetrical procedure to Jacobian matrix method
to trace singularitymaps of parallelmanipulators. Besides, based on
famous Ceva plane geometry theorem, a constraint plane method
(CPM) was proposed to implement singularity analysis of parallel
manipulators by Pendar et al. (2011). In comparison with Grass-
mann geometry approach, CPM involves no calculations and yields
to results quickly. However, the velocity directions of any three
points attached to the moving platform must be obtained before
using CPM with the actuators locked, and it is conﬁned to some
speciﬁc mechanisms and manipulators. In the ﬁeld of structures,
Tarnai (1999) ﬁrstly discovered the striking similarity between
the asymmetric bifurcation of equilibrium paths in elastic struc-
tures and that of compatibility paths of mechanisms, and adopted
Jacobian and Hessian matrix of compatibility equations to ﬁgure
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Lengyel and You (Lengyel, 2002; Lengyel and You, 2003, 2004) sys-
tematically studied the analogy between bifurcation of equilibrium
paths in structures and kinematic bifurcation of mechanisms, and
found mechanism examples to produce other bifurcation modes
in accordance with those in structures as well as asymmetric bifur-
cation. Besides, energy rule in structures and catastrophe theory
were applied to achieve bifurcation points and bifurcation types
of SDOF mechanisms respectively (Lengyel and You, 2004). But po-
tential energy function established in the paper is lack of physical
signiﬁcance, and the bifurcation location must be known before
using catastrophe theory to achieve bifurcation types. Lengyel
(2002) also tried to adopt the stiffness theory in structures to solve
the kinematic bifurcationpoints of SDOFmechanisms. However, the
analogous stiffness deﬁned by Lengyel lacksmathematical basis and
theoretical demonstration, and its physical signiﬁcance is unclear.
The correctness and the validity of the stiffness method proposed
by Lengyel (2002) for MDOF mechanisms also need further study.
Based on SVD of equilibrium matrix, the increase of the number of
inextensional mechanisms was regarded as the criterion of kine-
matic bifurcation of mechanisms by Kumar and Pellegrino (2000),
and it is proposed that the high-order analysis of compatibility
equations was necessary to gain all the bifurcation paths of mecha-
nisms. But there exist examples whose number of inextensional
mechanisms does not increase at bifurcation conﬁgurations. Take
a plane 2-DOF four-bar mechanism analyzed by Tao (2008) as an
example. Its initial conﬁguration and the length of each bar is shown
in Fig. 1(a) while Fig. 1(b) is one of its bifurcation conﬁgurations
where the dashed lines denote two of bifurcation paths. At the bifur-
cation conﬁguration, the number of inextensionalmechanisms does
not increase with the value of two since that of the initial conﬁgura-
tion is also two. Besides, for the mechanisms without self-stress
modes, the high-order compatibility equations are always satisﬁed.
In this case, it is not efﬁcient to achieve all the bifurcation paths by
high-order analysis of compatibility equations at bifurcation conﬁg-
urations. For example, there is no self-stressmode at the bifurcation
conﬁguration of the mechanism in Fig. 1(b).
Combining stiffness theory with singularity theory, this paper
ﬁrst deﬁnes the analogous stiffness inmechanisms as the derivative
of the state variable with respect to the controlling variable, which
is drastically different from that deﬁned by Lengyel (2002). A new
analogous method is then proposed to detect singularity and bifur-
cation points of mechanisms by solving analogous stiffness equa-
tions and compatibility equations simultaneously. Moreover,
based on advanced mathematics, the criterion for ﬁnite motion of
corresponding free joints at singularity and bifurcation conﬁgura-
tions is derived from the second-order analysis of compatibility
equations, which is much simpler than that presented by Bandyo-
padhyay and Ghosal (2004).A
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Fig. 1. An example of kinematic bifurcation of mechanism without the number of inex
mechanism. (b) One of the bifurcation conﬁgurations of the 2-DOF four-bar mechanismThe layout of this paper is as follows. Section 2 gives a brief out-
line of the zero stiffness theory for bifurcation of equilibrium paths
of structures. Section 3 deﬁnes the analogous stiffness in mecha-
nisms, obtains the analytical criterion for singularity of mecha-
nisms and presents the analogous stiffness method to detect
singular and kinematic bifurcation points of mechanisms. In Sec-
tion 4, the analytical criterion for ﬁnite motion of corresponding
free joints at singularity and bifurcation conﬁgurations is derived
by the second-order analysis of compatibility equations. Section 5
illustrates theoretical results with the aid of three typical examples.
Some conclusions are ﬁnally obtained in Section 6.
2. Zero stiffness theory for bifurcation of equilibrium paths in
structures
Under external forces, structures must satisfy the following
equilibrium equations
FðP; kÞ ¼ 0 ð1Þ
where P is the vector of external forces and k is the displacement
vector of structures. For simplicity, only one external force and
one displacement variable is considered here. Differentiating Eq.
(1) with respect to k yields
@F
@P
dP
dk
þ @F
@k
¼ 0 ð2Þ
After rearrangement,
dP
dk
¼  @F=@k
@F=@P
ð3Þ
K = dP/dk is deﬁned as the generalized tangent stiffness which pre-
sents the relationship between the external force and the structural
displacement. When
K ¼ dP
dk
¼ 0 ð4Þ
the external force P is a constant with respect to arbitrary structural
displacement k, i.e. the input external force and output displace-
ment lose control of each other. Then the singularity of structures
emerges and structures lose stability. It can be proved that the
instability points of ideal structures are generally the bifurcation
points of equilibrium paths (Tarnai, 2003; Tong, 2004). Therefore,
by solving equilibrium Eq. (1) and stiffness Eq. (4) simultaneously,
bifurcation points of equilibrium paths of structures can be
obtained.
Consider a simple structure analyzed by Gaspar and Domokos
(1991). It is a hinged cantilever comprising a bar with normal rigid-
ity k = 4 and supported by a linear rotation spring of stiffness c = 1
as shown in Fig. 2. h denotes the angle between the inclined and 
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tensional mechanisms increasing. (a) The initial conﬁguration of a 2-DOF four-bar
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Fig. 2. An example of equilibrium bifurcation.
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A vertical load is applied on top of the bar. The unloaded structure
is in equilibrium in the state h = 0, L = 1.
The equilibrium equations of the structure are formulated as
follows
F1 ¼ ch PL sin h ¼ 0 ð5ÞF2 ¼ kðL 1Þ þ P cos h ¼ 0 ð6Þ
From Eq. (6), the following equation can be derived
L ¼  P cos h
k
þ 1 ð7Þ
Substituting Eq. (7) into Eq. (5), the independent equilibrium with
respect to h and P can be achieved
F ¼ kchþ P2 cos h sin h kP sin h ¼ 0 ð8Þ
Differentiating Eq. (8) with respect to h and after arrangement, the
stiffness equation can be obtained
dP
dh
¼ kc þ P
2 cos 2h kP cos h
k sin h P sin 2h ¼ 0 ð9Þ
Solving Eqs. (8) and (9) simultaneously, (h = 0, P = k/2 = 2) is
achieved as the bifurcation point of the equilibrium paths, which
agrees with the result derived from Jacobian and Hessian matrix of
the equilibrium Eqs. (5) and (6). The bifurcation of the equilibrium
paths is shown in Fig. 3.-1 -0.5 0 0.5 1
0
1
2
3
4
θ
P
Fig. 3. Equilibrium paths and bifurcation.3. Analogous stiffness theory for singularity in mechanisms
3.1. Deﬁnition of analogous stiffness
The above analysis shows that the essence of bifurcation of
equilibrium paths in structures is that the input external force
and the output displacement lose control of each other which leads
to singularity. In the ﬁeld of mechanics, the essence of singularity
of mechanisms has been presented by Gosselin and Angeles
(1990). It is that the input velocity (the derivative of controlling
variable with respect to time) and the output velocity (the deriva-
tive of state variable with respect to time) lose control of each
other, which is analogous to the essence of singularity and bifurca-
tion of equilibrium paths in structures. So it is feasible to apply the
stiffness theory in structures to singularity and bifurcation analysis
in mechanisms.
Consider a mechanism with n free joints. For convenience of
illustration, the free joints connected with real actuated links are
deﬁned as actuated joints and the other free joints as passive joints
in this paper. To drive mechanisms, m free joints must serve as
actuated joints and the rest n–m free joints as passive joints. The
corresponding variables describing conﬁgurations of mechanisms
are called controlling variables (h = (h1,h2, . . .,hm)) and state vari-
ables (b = (b1,b2, . . .,bn–m)), respectively. The number of indepen-
dent controlling variables and independent state variables are
always the same except in the presence of redundancies, which
is equal to the degrees of freedom of mechanisms (Gosselin,
1988). In this paper, redundant actuation and constraint are not ta-
ken into consideration, so the number of independent state vari-
ables is equal to that of independent controlling variables m.
In the process of motion, mechanisms must satisfy the follow-
ing compatibility equations
Fðb; hÞ ¼ 0; ðb ¼ ðb1; b2; . . . ; bnmÞ; h ¼ ðh1; h2; . . . ; hmÞÞ ð10Þ
where F is the compatibility function and the number of the inde-
pendent compatibility equations ism, which is equal to the number
of the independent state variables (Bandyopadhyay and Ghosal,
2004). Differentiating m independent equations in Eq. (10) with re-
spect to controlling variables yields
@Fk
@hi
þ
Xnm
j¼1
@Fk
@bj
@bj
@hi
¼ 0; ði ¼ 1;2; . . . ; m; k ¼ 1;2; . . . ; mÞ ð11Þ
Solving Eq. (11), the value of @bj/@hi can be achieved. Deﬁne K = @bj/
@hi (i = 1, 2, . . .,m; j = 1, 2, . . .,m) as the analogous stiffness.
3.2. Analogous stiffness method
When the analogous stiffness K = @bj/@hi becomes zero, inﬁnite
or 0/0, the relationship between state variable bj and controlling
variable hi becomes indeterminate. Then they lose control of each
other and the mechanism becomes singular.
To the pin-bar mechanisms in structures, state variables bj
(j = 1, 2, . . .,m) are explicit functions of controlling variables hi
(i = 1, 2, . . .,m) generally. Hence, the following equations yield
dbj
dt
¼ @bj
@hi
dhi
dt
¼ K dhi
dt
ð12Þ
dhi
dt
¼ @hi
@bj
dbj
dt
¼ 1
K
dbj
dt
ð13Þ
Based on Eq. (12), when the analogous stiffness K becomes zero,
corresponding to any input velocity dhi/dt, the output velocity dbj/
dt is equal to zero, which means the corresponding passive joint
loses one or more degrees of freedom and cannot be driven by cor-
responding actuated joint. That is the corresponding actuated joint
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this condition, the output singularity of mechanisms emerges, con-
sisting of a set of points where different branches of the inverse
kinematic problem of mechanisms meet.
Based on Eq. (13), when the analogous stiffness K becomes inﬁ-
nite, corresponding to any output velocity dbj/dt, the input velocity
dhi/dt is equal to zero, which presents the corresponding passive
joint gains one or more degrees of freedom and has the movability
with the corresponding actuated joint self-locked. In this condition,
the input singularity of mechanisms emerges, consisting of a set of
points where different branches of the direct kinematic problem of
mechanisms meet.
When the analogous stiffness K becomes 0/0 type, the architec-
tural singularity emerges in mechanisms. It corresponds to conﬁg-
urations in which the corresponding actuated joint can move with
the corresponding passive joint dwelling and the corresponding
passive joint can move with the corresponding actuated joint self-
locked. Namely, this kind of singularity conﬁgurations owns the
characteristics of both input and output singularity conﬁgurations.
However, its appearance requires some special conditions on archi-
tectural parameters of mechanisms (Gosselin and Angeles, 1990).
As stated previously, deﬁne K = 0, K =1, and K = 0/0 as analo-
gous stiffness equations. Solving compatibility equation and anal-
ogous stiffness equations simultaneously, all the singular points
of mechanisms can be determined. This method to detect the sin-
gularity conﬁgurations of mechanisms is called analogous stiffness
method in this paper. Since it can be proved that the bifurcation
points must be the singular points (Lu, 2004), kinematic bifurca-
tion points of mechanisms can be obtained by calculation of the
singular points of mechanisms and observation of the number of
possible motion paths of corresponding singularity conﬁgurations.
It is important to point out that in the case ofMDOFmechanisms,
there are usually three or more dimensional compatibility surfaces
for mechanismmovements. And then, a set of singularity and bifur-
cation obtained by the analogous stiffness method usually consists
of lines aswell as isolated points. Besides, the application of stiffness
theory inmechanisms is slightly different from that in structures. In
structures, when the stiffness K =1, structures are regarded as inﬁ-
nite rigid and no singularity and instability will happen.
4. Finite motion of corresponding free joints at singularity
conﬁgurations
From the above discussion, it is found that the passive joints
have movability at the input singularity conﬁgurations and the
actuated joints have movability at the output singularity conﬁgu-
rations. However, there are only two kinds of motion for actuated
or passive joints at corresponding singularity conﬁgurations, which
are ﬁnite and ﬁrst-order inﬁnitesimal motion. In this section, the
second-order analysis of compatibility equations is implemented
to achieve the analytical criterion for ﬁnite motion of correspond-
ing free joints at singularity conﬁgurations.
4.1. Finite motion of passive joints at input singularity conﬁgurations
When analogous stiffness K = @bj/@hi =1, the input singularity
occurs and the passive joint corresponding to bj can move with
the actuated joint corresponding to hi self-locked. If the passive
joint can undergo ﬁnite motion in this condition, the compatibility
equations should be at least locally independent of any value of
variable bj. Based on the advanced mathematics, the following
equation can be obtained
@2F
@b2j
¼ @
@bj
@F
@bj
þ
Xm
i¼1
@F
@hi
@hi
@bj
 !
¼ 0 ð14Þwhere F is the independent compatibility function. If Eq. (14) can-
not be satisﬁed at singularity conﬁgurations, the compatibility
equations yield instantaneously with the corresponding actuated
joint self-locked and the corresponding passive joint can only un-
dergo ﬁrst-order inﬁnitesimal motion.
4.2. Finite motion of actuated joints at output singularity
conﬁgurations
When analogous stiffness K = @bj/@hi = 0, the output singularity
occurs and the actuated joint corresponding to hi can move with
the passive joint corresponding to bj dwelling. If the actuated joint
can undergo ﬁnite motion in this condition, the compatibility
equations should be at least locally independent of any value of
variable hi, which implies the following equation is satisﬁed
@2F
@h2i
¼ @
@hi
@F
@hi
þ
Xnm
j¼1
@F
@bj
@bj
@hi
 !
¼ 0 ð15Þ
where F is the independent compatibility function. Otherwise, the
compatibility equations yield instantaneously with the correspond-
ing passive joint dwelling and the corresponding actuated joint can
only undergo ﬁrst-order inﬁnitesimal motion.
4.3. Finite motion of passive and actuated joints at architectural
singularity conﬁgurations
Because architectural singularity conﬁgurations possess the
characteristics of both input and output singularity conﬁgurations,
Eqs. (14) and (15) can be adopted as the analytical criterion for ﬁ-
nite motion of corresponding passive and actuated joints,
respectively.
Overall, conditions of ﬁnite motions of corresponding free joints
at singularity conﬁgurations can be derived by solving Eqs. (14)
and (10) simultaneously or Eqs. (15) and (10) simultaneously.
5. Illustrative examples
5.1. Planar SDOF four-bar mechanism
Fig. 4(a) shows a special planar SDOF four-bar mechanism with
hinged joints ever analyzed by Lengyel and Gaspar (Lengyel, 2002;
Lengyel and Gaspar, 2005). The length of each bar is equal to b. A
Cartesian coordinate system is chosen so that line AD is aligned
with axis x and A is the origin.
5.1.1. Singular and kinematic bifurcation points
Because of SDOF, one bar needs to be driven. Take bar AB as the
actual actuated bar. So the free joint B is actuated joint and joint C
as passive joint. The corresponding controlling and state variables
are given by a and b respectively, which are positive in an anti-
clockwise direction. Compatibility condition can be formulated
for the elongation of bar BC as
Fðb;aÞ¼ðbþbcosbbcosaÞ2þðbsinbbsinaÞ2b2¼0 ð16Þ
Differentiating Eq. (16) with respect to a yields
@F
@a
¼ ð sin bþ sinðb aÞÞ db
da
þ ðsin aþ sinða bÞÞ ¼ 0 ð17Þ
After rearrangement, the analogous stiffness can be obtained as
follows
K ¼ db
da
¼ sin aþ sin ða bÞ
sin bþ sinða bÞ ð18Þ
To make K equal to zero or inﬁnite, the following analogous stiffness
equations should be satisﬁed
A 
B 
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Fig. 4. The special and bifurcation conﬁgurations of a planar SDOF four-bar mechanism. (a) The special conﬁguration of the planar SDOF four-bar mechanism. (b) Bifurcation
conﬁguration 1 (a = 0, b = 0). (c) Bifurcation conﬁguration 2 (a = 0, b = p). (d) Bifurcation conﬁguration 3 (a = p, b = p).
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Solving compatibility Eq. (16) and analogous stiffness Eqs. (19) and
(20) simultaneously leads to the results in Table 1. Among them,
Solution 2 is equal to Solution 5 and Solution 4 equal to Solution 7.
Further analyzing the other solutions in Table 1, it can be distin-
guished that the singularity conﬁgurations corresponding to Solu-
tion 1 and Solution 3 are in one of kinematic bifurcation paths. So
Solution 1 and Solution 3 are not bifurcation points.
In conclusion, this planar SDOF four-bar mechanism has three
kinematic bifurcation points, which are (a = 0, b = 0), (a = 0,
b = p), (a = p, b = p), and agree with the results in the Lengyel’s the-
sis (2002). Fig. 4(b)–(d) show the corresponding bifurcation conﬁg-
urations by the solid lines and bifurcation paths by the dashed
lines, respectively.
Because all the bifurcation points satisfy Eqs. (19) and (20) to
make the analogous stiffness 0/0 type, all the bifurcation conﬁgu-
rations are architectural singularity conﬁgurations. Hence, the
passive joint C has movability with the actuated joint B self-locked
and the actuated joint B has movability with the passive joint CTable 1
Solutions of compatibility equation and analogous stiffness equations.
Equations Solutions of a Solutions o
Eqs. (16) and (19) a p
0 0
Eqs. (16) and (20) 0 b
p p
Eqs. (16), (19) and (20) 0 0
0 p
p pdwelling as shown by the dashed lines in Fig. 4(b)–(d). However,
the premise of the appearance of the three architectural singularity
conﬁgurations is that the mechanism must meet the special archi-
tectural conditions listed in Table 2, all of which are satisﬁed in this
example.5.1.2. Finite motion of corresponding free joints at singularity
conﬁgurations
Based on Eq. (14), doing the second-order analysis of compati-
bility Eq. (16) with respect to b yields
@2F
@b2
¼ 2b2 cos b cos ðb aÞ 1 da
db
  
þ 2b2 cos aþ cosða bÞ da
db
 1
  
da
db
þ 2b2½sin aþ sin ða bÞ d
2a
db2
ð21Þ
Considering joint C produces ﬁnite motion with joint B self-locked,
the following results can be obtainedf b No. of solutions Singularity types
1 Output singularity
2
3 Input singularity
4
5 Architectural singularity
6
7
Table 2
Architectural conditions for the appearance of each architectural singularity conﬁg-
uration of the planar four-bar mechanism.
Architectural singularity
conﬁgurations
Conditions of
singularity
Special architectural
conditions
Fig. 4b: Bifurcation
conﬁguration 1
(a = 0, b = 0) AB = AD; BC = CD
Fig. 4c: Bifurcation
conﬁguration 2
(a = 0, b = p) AB = BC = CD = AD
Fig. 4d: Bifurcation
conﬁguration 3
(a = p, b = p) AB = BC; AD = CD
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db
¼ 0; d
2a
db2
¼ 0 ð22Þ
Substituting Eq. (22) into Eq. (21), @2F/@b2 = 0 is achieved at bifurca-
tion points (a = 0, b = 0) and (a = 0, b = p). So the passive joint C can
undergo ﬁnite circular motion around joint B(D) with the actuated
joint B self-locked, as shown by the dashed lines in Fig. 4(b) and
(c). However, at bifurcation point (a = p, b = p), there is @2F/
@b2 = 4b2– 0, which means the passive joint C can only undergo
ﬁrst-order inﬁnitesimal motion with the actuated joint B(a) 
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B(D
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Fig. 5. (a) The general conﬁguration of the planar 2-DOF ﬁve-bar mechanism. (b) The sp
special planar 2-DOF ﬁve-bar mechanism.
Table 3
Singularity conﬁgurations of the planar 2-DOF ﬁve-bar mechanism.
No. of singularity Solutions of analogous stiffness equations
1 h2 + h3 = kp
2 h1  h2 = kp
3 h3  h4 = kp
4 h1 + h3 = kp (implying h2 + h3 = kp)
5 h2 + h4 = kp (implying h2 + h3 = kp)self-locked, as shown by the dashed lines in Fig. 4(d). The result is
in accordance with the ﬁrst-order inﬁnitesimal mechanism with
BC and CD collinear and joint B self-locked.
Similarly, based on Eq. (15), doing the second-order analysis of
compatibility Eq. (16) with respected to a yields@2F
@a2
¼ 2b2 cos aþ cos ða bÞ 1 db
da
  
þ 2b2  cos b db
da
þ cosðb aÞ db
da
 1
  
db
da
þ 2b2½ sin bþ sin ðb aÞ d
2b
da2
ð23ÞSubstituting Eq. (22) into Eq. (23), there is @2F/@a2 = 4b2– 0 at
(a = 0, b = 0) and @2F/@a2 = 0 at (a = 0, b = p) and (a = p, b = p). So
in Fig. 4(b), the actuated joint B can only undergo ﬁrst-order inﬁn-
itesimal motion with the passive joint C dwelling as shown by the
dashed lines, which is in accordance with the ﬁrst-order inﬁnitesi-
mal mechanism with AB and BC collinear and joint C dwelling. On
the contrary, in Fig. 4(c) and (d), the actuated joint B can undergo
ﬁnite circular motion around joint A(C) with the passive joint C
dwelling, as shown by the dashed lines.(c) 
(b) 
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ecial planar 2-DOF ﬁve-bar mechanism. (c) A input singularity conﬁguration of the
Singularity conﬁgurations Singularity types
l2 and l3 collinear Input singularity
l1 and l2 collinear Output singularity
l3 and l4 collinear Output singularity
l1, l2 and l3 collinear Architectural singularity
l2, l3 and l4 collinear Architectural singularity
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Consider a planar 2-DOF ﬁve-bar mechanism with hinged joints
ever studied by Macho et al. (2008). Its general conﬁguration is
shown in Fig. 5(a). A Cartesian coordinate system is also chosen.
Line AE is aligned with axis x and A is the origin.5.2.1. Singular and kinematic bifurcation points
Due to the two degrees of freedom, two bars must be driven.
Take bars AB and BD as actual actuated bars. So joint B and D are
actuated joints and joint C is passive joints. Correspondingly, h1
and h4 are taken as controlling variables, and h2 and h3 as state (e
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Fig. 6. The typical bifurcation conﬁgurations of the planar 2-DOF ﬁve-bar mechanism. (a
Output singularity with l3, l4 collinear. (d) Architectural singularity with l1, l2, l3 collinea
Table 4
Architectural conditions for the appearance of each architectural singularity conﬁguration
No. of architectural singularity conﬁgurations Conditions of singularit
4. l1, l2, l3 collinear h1 + h3 = kp (implying h2
5. l2, l3, l4 collinear h2 + h4 = kp (implying h2variables. h1 and h2 are positive in an anticlockwise direction while
h3 and h4 are positive in a clockwise direction. The compatibility
equations are formulated for the coordinates of joint C as
F1 ¼ l1 cos h1 þ l2 cos h2 þ l3 cos h3 þ l4 cos h4  l5 ¼ 0
F2 ¼ l1 sin h1 þ l2 sin h2  l3 sin h3  l4 sin h4 ¼ 0
ð24Þ
Differentiating Eq. (24) with respect to h1 yields
@F1
@h1
¼ l1 sin h1 þ l2 sin h2 @h2
@h1
þ l3 sin h3 @h3
@h1
¼ 0
@F2
@h1
¼ l1 cos h1 þ l2 cos h2 @h2
@h1
 l3 cos h3 @h3
@h1
¼ 0
ð25Þ)  
E 
D 
l5
l4
B 
B 
C D 
E 
l1
l2
l3
l4
l5
l5
l2
l1
l4
l3
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(b)
(d)
) Input singularity with l2, l3 collinear. (b) Output singularity with l1, l2 collinear. (c)
r. (e) Architectural singularity with l2, l3, l4 collinear.
of the planar ﬁve-bar mechanism.
y Special architectural conditions
+ h3 = kp) l1, l2, l3collinear bar, l4 and l5 can constitute a triangle
+ h3 = kp) l2, l3, l4 collinear bar, l1 and l5 can constitute a triangle
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@F1
@h4
¼ l2 sin h2 @h2
@h4
þ l3 sin h3 @h3
@h4
þ l4 sin h4 ¼ 0
@F2
@h4
¼ l2 cos h2 @h2
@h4
 l3 cos h3 @h3
@h4
 l4 cos h4 ¼ 0
ð26Þ
Solving Eq. (25), the analogous stiffness can be obtained as follows
K1 ¼ @h2
@h1
¼  l1 sin ðh1 þ h3Þ
l2 sin ðh2 þ h3Þ
K2 ¼ @h3
@h1
¼  l1 sin ðh1  h2Þ
l3 sin ðh2 þ h3Þ
ð27Þ
Similarly, solving Eq. (26), the analogous stiffness can be obtained
as follows
K3 ¼ @h2
@h4
¼  l4 sin ðh3  h4Þ
l2 sin ðh2 þ h3Þ
K4 ¼ @h3
@h4
¼  l4 sin ðh4 þ h2Þ
l3 sin ðh2 þ h3Þ
ð28Þ
To make K1, K2, K3, K4 equal to zero or inﬁnite, one of the following
analogous stiffness equations should be satisﬁedFig. 7. The three-dimensional compatibility surfsinðh1 þ h3Þ ¼ 0
sinðh2 þ h3Þ ¼ 0
sinðh1  h2Þ ¼ 0
sinðh3  h4Þ ¼ 0
sinðh4 þ h2Þ ¼ 0
ð29Þ
Solving Eqs. (24) and one of equations (29) simultaneously, the sin-
gular conﬁgurations in Table 3 can be obtained, all of which agree
with the results of literature (Macho et al., 2008).
Because the lengths of bars are indeterminate, it is possible for
all the singularity in Table 3 to occur. The corresponding typical
conﬁgurations are shown by the solid lines in Fig. 6. By observa-
tion, all the singularity conﬁgurations in Fig. 6 are bifurcation con-
ﬁgurations and the kinematic characteristics of the corresponding
joints are shown by the dashed lines. For instance, for the input
singularity conﬁgurations in Fig. 6(a), the passive joint C has the
movability with the actuated joints B and D self-locked. For the
output singularity conﬁguration in Fig. 6(b), the actuated joint B
has the movability with the passive joint C dwelling. For the
architectural singularity in Fig. 6(d), the passive joint C has the
movability as dashed lines show with the actuated joints B and
D self-locked, and the actuated joint B has the movability as
dashed lines show with the passive joint C dwelling. The special
architectural conditions for the appearance of architectural
singularity conﬁgurations are listed in Table 4. Fig. 6(b)–(e)aces of the 2-DOF symmetrical mechanism.
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Fig. 8. Singularity conﬁgurations for ﬁnite motion of free joints about the ﬁve-bar mechanism.
Table 5
Conditions of ﬁnite motion of free joints at singularity conﬁgurations of the planar ﬁve-bar mechanism.
No. of singularity Singularity conﬁgurations Joints for ﬁnite
motion
Conditions of ﬁnite motion Conﬁgurations for ﬁnite
motion
1 Input singularity Bars l2, l3 collinear (h2 + h3 = kp) Joint C h2 + h3 = kp,l2 = l3 and l1, l4, l5 constitute a
triangle
Fig. 8(a)
2 Output singularity Bars l1, l2 collinear (h1-h2 = kp) Joint B h1-h2 = kp,l1 = l2 and l3, l4, l5 constitute a
triangle
Fig. 8(b)
3 Output singularity Bars l3, l4 collinear (h3-h4 = kp) Joint D h3-h4 = kp, l3 = l4 and l1, l2, l5 constitute a
triangle
Fig. 8(c)
4 Architectural
singularity
Bars l1, l2, l3 collinear
(h1 + h3 = kp)
Joint B h1-h2 = kp,l1 = l2 and l3, l4, l5 constitute a
triangle
Fig. 8(d)
Joint C h2 + h3 = kp,l2 = l3 and l1, l4, l5 constitute a
triangle
Fig. 8(e)
5 Architectural
singularity
Bars l2, l3, l4 collinear
(h2 + h4 = kp)
Joint D h3-h4 = kp,l3 = l4 and l1, l2, l5 constitute a
triangle
Fig. 8(f)
Joint C h2 + h3 = kp,l2 = l3 and l1, l4, l5 constitute a
triangle
Fig. 8(g)
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paper also can ﬁgure out the singularity conﬁgurations of single
state variable to single controlling variable, besides those of all
the state variables to all the controlling variables (Fig. 6(a)).
It is necessary to mention that when the values of lis (i = 1,
2, . . .,4) in Fig. 5(a) are determinate, there is a 4D surface for the
compatibility conditions in the coordinate system of his (i = 1,
2, . . .,4), and a set of singularity in Table 3 may consist of lines as
well as isolated points. For simplicity and visibility, take
l1 = l4 = 5, l2 = l3 = 10/3 and l5 = 10 to make the mechanism symmet-
rical as Fig. 5(b) shows. The compatibility equation can be formu-
lated for the elongation of bar CD as
F ¼ 5 cos h1 þ 103 cos h2  10þ 5 cos h4
 2
þ 5 sin h1 þ 103 sin h2  5 sin h4
 2
 10
3
 2
¼ 0 ð30Þ
Based on Eq. (30) and by Matlab, the three-dimensional compati-
bility surface of the mechanism from different views can be
obtained as Fig. 7 shows. Fig. 7(d) is the projection of the compat-
ibility surface in the h1-h4 plane. Its contour is the bifurcation
line consisting of a set of limit bifurcation points which are the
input singularity in Table 3. Besides, h2 is arbitrary corresponding
to the peak (h1 = h4 = 0) in Fig. 7(d), which is also the input
singularity in Table 3 and bifurcation conﬁguration is shown in
Fig. 5(c).
5.2.2. Finite motion of corresponding free joints at singularity
conﬁgurations
The ﬁnite motion of joint C at the ﬁrst kind of input singularity
conﬁguration in Table 3 is studied, whose characteristic is
h2 + h3 = kp. According to Eq. (14), doing the second-order analysis
of compatibility Eq. (24) with respect to h2 yieldsTable 6
Singularity conﬁgurations of the planar 2-DOF six-bar mechanism.
No. of singularity Solutions of analogous stiffness equations
1 h1  u1 = kp
2 h2  u2 = kp
3 u1 +u2 = kp
4 u2 + h1 = k (implying u1 + u2 = kp)
5 u1 + h2 = kp (implying u1 + u2 = kp)@2F1
@h22
¼ l1 cos h1 @h1
@h2
 2
 l1 sin h1 @
2h1
@h22
 l2 cos h2
 l3 cos h3 @h3
@h2
 2
 l3 sin h3 @
2h3
@h22
 l4 cos h4 @h4
@h2
 2
 l4 sin h4 @
2h4
@h22
¼ 0
@2F2
@h22
¼ l1 sin h1 @h1
@h2
 2
þ l1 cos h1 @
2h1
@h22
 l2 sin h2
þ l3 sin h3 @h3
@h2
 2
 l3 cos h3 @
2h3
@h22
þ l4 sin h4 @h4
@h2
 2
 l4 cos h4 @
2h4
@h22
¼ 0
ð31Þ
It is important to mention that the state variables h2 and h3 are
dependent on each other at the singular point, but only the inde-
pendent state variable is considered in the second-order analysis
of compatibility equations. Here h2 is taken as the independent state
variable.
Differentiating h2 + h3 = kp with respect to h2 at the singular
points yields
@h3
@h2
¼ 1; @
2h3
@h22
¼ 0 ð32Þ
Considering joint C produces ﬁnite motion when joints B and D are
self-locked, the following results can be obtained
@h1
@h2
¼ 0; @h4
@h2
¼ 0; @
2h1
@h22
¼ 0; @
2h4
@h22
¼ 0 ð33Þ
Substituting Eqs. (32) and (33) into Eq. (31) yields
@2F1
@h22
¼ l2 cos h2  l3 cos h3 ¼ 0
@2F2
@h22
¼ l2 sin h2 þ l3 sin h3 ¼ 0
ð34Þ
Solving Eq. (34) yields h2 + h3 = kp and l2 = l3. Substituting the re-
sults into compatibility Eq. (24) yields
l1 cos h1 þ l4 cos h4  l5 ¼ 0
l1 sin h1  l4 sin h4 ¼ 0
ð35Þ
Elimination of h4 yields, after simpliﬁcation and rearrangement,
cos h1 ¼ l
2
5 þ l21  l24
2l5l1
ð36Þ
Eq. (36) implies that the links 1, 4 and 5 constitute a triangle, of
which h1 is the angle contained by the links 1 and 5.
In conclusion, at the ﬁrst kind of input singularity conﬁguration
in Table 3, the conditions of ﬁnite motion of passive joint C are
h2+h3 = kp, l2 = l3 and the links 1, 4 and 5 constitute a triangle as
shown in Fig. 8(a).
Similarly, based on Eq. (14), (15), the conditions of ﬁnite motion
of corresponding free joints at the other kinds of singularitySingularity conﬁgurations Singularity types
A1B1 and B1C collinear Output singularity
A2B2 and B2C collinear Output singularity
B1C and B2C collinear Input singularity
A1B1, B1C and B2C collinear Architectural singularity
A2B2, B2C and B1C collinear Architectural singularity
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Fig. 10. Typical singularity and bifurcation conﬁgurations of the six-bar mechanism with actuated joints B1 and B2. (a) Output singularity (A1B1 and B1C collinear). (b) Output
singularity (A2B2 and B2C collinear). (c) Input singularity (B1C and B2C collinear). (d) Input singularity (B1C and B2C collinear). (e) Architectural singularity (A1B1, B1C and B2C
collinear). (f) Architectural singularity (A2B2, B2C and B1C collinear).
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5. The singularity conﬁgurations for ﬁnite motion of free joints are
shown in Fig. 8, where the solid lines denote the singularity conﬁg-
urations satisfying the conditions of ﬁnite motion and the dashed
lines denote the ﬁnite motion of free joints.5.3. Planar 2-DOF six-bar mechanism
Fig. 9 shows a planar 2-DOF six-bar mechanism with hinged
joints, ever studied by Shen et al. (2002). A Cartesian coordinatesystem is also chosen so that line A1A3 is aligned with axis x and
A1 is the origin.5.3.1. Singular and kinematic bifurcation points
Due to the two degrees of freedom, two bars also must be dri-
ven. Take bars A1B1 and A2B2 as the actual actuated bars. So joint
B1 and joint B2 are actuated joints, and joint C and joint B3 are pas-
sive joints. Correspondingly, h1 and h2 are controlling variables
while u1, u2, u3 and h3 are state variables. Since the number of
independent state variables is equal to the degrees of freedom of
X.-F. Yuan et al. / International Journal of Solids and Structures 49 (2012) 1212–1226 1223mechanisms (Gosselin, 1988), u1and u2 are regarded as the inde-
pendent state variables corresponding to controlling variables h1
and h2 while u3 and h3 rely on u1 and u2. h2 and u2 are positive
in an anticlockwise direction while the rest of variables are positive
in a clockwise direction.
The compatibility equations are expressed for the coordinates
of joint C as
F1 ¼ l2 cos h1 þ l1 cos u1  l2 cos h2  l1 cos u2  l5
F2 ¼ l2 sin h1 þ l1 sin u1 þ l2 sin h2 þ l1 sin u2  l4
ð37Þ
F3 ¼ l2 cos h1 þ l1 cos u1  l2 cos h3  l1 cos u3  l3
F4 ¼ l2 sin h1 þ l1 sin u1  l2 sin h3  l1 sin u3
ð38Þ
F5 ¼ l2 cos h2 þ l1 cos u2  l2 cos h3  l1 cos u3 þ l5  l3
F6 ¼ l2 sin h2 þ l1 sin u2 þ l2 sin h3 þ l1 sin u3  l4
ð39Þ
Because of two independent state variables, Eq. (37) is regarded as
the independent compatibility equation corresponding to the actu-
ated joints. Based on it, employing analogous stiffness method asTable 7
Architectural conditions for the appearance of each architectural singularity conﬁguration
No. of architectural singularity
conﬁgurations
Conditions of singularity Special archit
4. A1B1, B1C and B2C collinear u2 + h1 = kp (implying
u1 + u2 = kp)
A1B1, B1C and
constitute a t
5. A2B2, B2C and B1C collinear u1 + h2 = kp (implying
u1 + u2 = kp)
A2B2, B2C and
constitute a t
B2 
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C
B3 
A3 
L1 
L1 
L2 
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C
C
(a)
(c)
Fig. 11. The degenerated planar 2-DOF six-bar mechanism and its singularity conﬁgurat
from the planar2-DOF six-bar mechanism. (b) Singularity conﬁguration 1 in the bifurcati
path (B1(B2)C and B3C collinear). (d) Singularity conﬁguration 3 in the bifurcation path (Section 5.1 and 5.2, singularity points in Table 6 can be obtained.
And the corresponding typical singularity conﬁgurations are shown
by the solid lines in Fig. 10 and the kinematic characteristics of the
corresponding free joints are shown by the dashed lines. Fig. 10(c)–
(d) agree with the Shen and Wu’s (2002) results. It can be seen that
all of the singularity conﬁgurations are bifurcation conﬁgurations.
The special architectural conditions for the appearance of architec-
tural singularity conﬁgurations are listed in Table 7. Similarly, when
the values of li (i = 1, 2, . . .,5) are determinate, there is a 6D surface
for the compatibility conditions in the coordinate system of control-
ling and state variables, and a set of singularity in Table 6 may con-
sist of lines as well as isolated points.
It is necessary to point out that after singular point, when the
mechanism in Fig. 10(d) moves as the dashed lines shown into
one of bifurcation paths, the planar 2-DOF six-bar mechanism
degenerates into a planar SDOF three-bar mechanisms as shown
in Fig. 11(a). Similarly, singularity conﬁgurations of the degener-
ated planar 2-DOF six-bar mechanism can be obtained and typical
singularity conﬁgurations are shown in Fig. 11(b)–(d). All of the
singularity conﬁgurations are also bifurcation conﬁgurations. Theof the planar six-bar mechanism.
ectural conditions
B2C collinear bar, A2B2 and A1A2 can constitute a triangle; A3B3, B3C and A3C can
riangle
B1C collinear bar, A1B1 and A1A2 can constitute a triangle; A3B3, B3C and A3C can
riangle
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C
C
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C 
(b)
(d)
ions in the bifurcation path. (a) The planar SDOF three-bar mechanism degenerated
on path (B1(B2)C and B3C coincide). (c) Singularity conﬁguration 2 in the bifurcation
B3C and A3C collinear).
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Fig. 12. Typical singularity and bifurcation conﬁgurations of the six-bar mechanism with actuated joints B1 and B3. (a) Output singularity (A1B1 and B1C collinear). (b) Output
singularity (A3B3 and B3C collinear). (c) Input singularity (B1C and B3C collinear). (d) Input singularity (B1C and B3C collinear). (e) Architectural singularity (A1B1, B1C and B3C
collinear). (f) Architectural singularity (A3B3, B3C and B1C collinear).
1224 X.-F. Yuan et al. / International Journal of Solids and Structures 49 (2012) 1212–1226results indicate that there exist secondary kinematic bifurcations
in mechanisms similar to the bifurcation of equilibrium paths in
structures.
Similarly, if we take bars A1B1 and A3B3 as the actual actuated
bars so that joint B1 and B3 are as actuated joints, and Eq. (38) is
taken as the independent compatibility equations. Applying analo-
gous stiffness method, different singularity and bifurcation conﬁg-
urations can be achieved as shown in Fig. 12. The results show that
different actuated joints may lead to different singularity and
bifurcation conﬁgurations.5.3.2. Finite motion of corresponding free joints at singularity
conﬁgurations
Similar to Section 5.1.2 and 5.2.2, based on Eq. (14), (15), the
conditions of ﬁnite motions of the corresponding free joints at sin-
gularity conﬁgurations in Figs. 10 and 12 can be worked out. Here,the conditions of ﬁnite motions of free joints at singularity conﬁg-
urations in Fig. 10 are listed in Table 8, which are derived from the
second-order analysis of Eq. (37) and satisfy Eqs. (37)–(39). Fig. 13
shows the singularity conﬁgurations for ﬁnite motion of corre-
sponding free joints, where the solid lines denote the singularity
conﬁgurations satisfying the conditions of ﬁnite motions and the
dashed lines denote the ﬁnite motion of joints.6. Conclusions
Based on the stiffness theory in structures, the paper has pro-
posed an analogous stiffness method to determine the singular
and kinematic bifurcation points of mechanisms. They are deter-
mined by solving the analogous stiffness equations and compatibil-
ity equations simultaneously. The singularity has also been
classiﬁed into output singularity, input singularity and architectural
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Fig. 13. Singularity conﬁgurations for ﬁnite motion of free joints about the six-bar mechanism.
Table 8
The conditions of ﬁnite motion of free joints at singularity conﬁgurations of the planar six-bar mechanism.
No. of singularity Singularity conﬁgurations Joints for ﬁnite
motion
Conditions of ﬁnite motion Conﬁgurations for
ﬁnite motions
1. Output
singularity
A1B1 and B1C collinear
(h1  u1 = kp)
Joint B1 h1  u1 = kp, l1 = l2, A2B2, B2C and CA2 can constitute a triangle, and A3B3,
B3C and CA3 can constitute a triangle
Fig. 13(a)
2. Output
singularity
A2B2 and B2C collinear
(h2  u2 = kp)
Joint B2 h2  u2 = kp, l1 = l2, A1B1, B1C and CA1 can constitute a triangle, and A3B3,
B3C and CA3 can constitute a triangle
Fig. 13(b)
3. Input
singularity
B1C and B2C collinear
(u1 +u2 = kp)
Joint C u1 + u2 = 2kp, and A1B1, B2A2 and A2A1 can constitute a triangle Fig. 13(c)
4. Architectural
singularity
A1B1, B1C and B2C collinear
(u2 + h1 = kp)
Joint B1 h1  u1 = kp, l1 = l2, A2B2, B2C and CA2 can constitute a triangle, and A3B3,
B3C and CA3 can constitute a triangle
Fig. 13(d)
Joint C u1 + u2 = 2kp, and A1B1, B2A2 and A2A1 can constitute a triangle
5. Architectural
singularity
A2B2, B2C and B1C collinear
(u1 + h2 = kp)
Joint B2 h2  u2 = kp, l1 = l2, A1B1, B1C and CA1 can constitute a triangle, and A3B3,
B3C and CA3 can constitute a triangle
Fig. 13(e)
Joint C u1 + u2 = 2kp, and A1B1, B2A2 and A2A1 can constitute a triangle
X.-F. Yuan et al. / International Journal of Solids and Structures 49 (2012) 1212–1226 1225singularity corresponding to the value of the analogous stiffness.
And the kinematic characteristics of free joints corresponding to
singularity conﬁgurations have been expounded. Thereafter, based
on advanced mathematics, the criterion for ﬁnite motions of corre-
sponding free joints at singularity conﬁgurations has been devel-
oped by the second-order analysis of compatibility equations.
Typical SDOF and MDOF examples have been given to illustrate
the validity of the analogous stiffness method and the criterion for
ﬁnite motion of free joints at singularity conﬁgurations presented
in the paper. The results show that for MDOF mechanisms, there
is usually multi-dimensional surface for the compatibility condi-
tions, and a set of singularity and bifurcation usually consist of lines
aswell as isolated points. Besides, different actuated jointsmay lead
to different singularity and bifurcation conﬁgurations, and second-
ary bifurcations exist in the kinematic bifurcation of mechanisms
similar to bifurcation of equilibrium paths in structures.Acknowledgements
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